
Math 451: Introduction to General Topology
Lecture 19

Product top (= top of pointwise convergence) .

Recall that on the space BIX
,

Y) of bounded functions from a set X to a metric space,
we put the top ,

inclused by the uniform metric
.

Uniform metric captures uniform conver

genre. This is good but not general enough , e . g . what if Y is a noumetrizable top space.

More importantly ,
ever when Y = R

,
we have other interesting modes of convergence not

captured by the uniform metric
, namely , pointwise convergence : Let Ifu) ? YX= The

set of all functions X-Y) and feiY
I

we say
that Iful converges pointwise to >

if fulx) -> f(x) for all xeX . Even when Y=R
, pointwise convergence doesn't imply

uniform convergence , by the following example.

Example .
It X := (0

,
1) and Y= R

,
let fa : (0 , 17 -> IR be fult : = X Y so (f) = <((0,

1) .

Claim1 .
En-O pointwise

Proof
.
Fix x & (0 ,) . Then x" -> 0 here 3 Fa st .

x
"

Ch .

Chim2
.

In #D ,
in fact Ifr) in not uniformly canchy

.
Proof. Wesow Fuu0 .

fatO <=> Ifalla : =

sup link)) -> 0
,
which is not

1-
the case becase Va

,
Ifulla = 1

.
Indeed

/

X 7(0,1lim x" = 1
,

so sp X=
X 7(0,i- We would like to define a topology on

it which exactly captives
⑧ I

pointwise convergence ,

most importantly ,
on IRCO or IRB

·

There is includ

inch a topology ,
and when X is unutbl and i is nontrivial , then this top

is not metricable (because it is not first ctbl) ; in particular ,
IRCO, 13

is not metrizable.

Since we clearly should care about powise convergence ,
we thus should are about

nonmetizable top , spaces .
This top is called the product topology (thinking of



YY as a product It Y) or the top of ptwice convergence.
We begin with a

product of finitely - wai top , spaces,

Finite products .
Let Xo

, ...,
Xa be dop spaces

and consider X:=T Xi = XoxXx ...xX+

The product top on X is the one generated by open boxes ,
i als of the form

KoxU . X
... X Un-

,
where UiEX : open .

This top is generated by one-base cylinders
(iv (i) : = X. x ...

x Xi=,
x Us x Xieix

...

* Xn+,

becose an open box RoxU ,
X

...
x Hun ,

is a finite intersection of one-base glinders :

RoxU ,
x ... x Un = 1 (ivUi] .

ich

Note that the intersection of two open boxes RoX ...Kur and Vox
...

" Vau is

still an oran box MolVo) X ..
-

xMar& Vue)
,

so the
open boxes form a basic

for the product top.

Example .
In IR" = RXIR

,
a base -one open cylinder looks like his

These are the sets RXV and UXIR
,
where U

,
WeRare open.

Open boxes are sets UXV = /RXV) 1 (UXIR) ,
as in the picture .

Up

Remark
. Sive open

boxes in R"generate the Euclideas top of IR"

Li
. e .

He one included by the matric de(x
, b) : = (2/X(1)-y(i)(2) * )

,
the Enclidean dop of

I" is just the product top coming from the usual top on IR.

Remark
.
In X = Xox

... XX-1
,
the one-base slinders Lik Hi] are exactly the rets

proj; (vi) ,
where proj : X-> Xi

,
defined by XHX(i) ,

is the projection on to the

in modinate
,
also called evaluation at i . Thus

,
the product top is exactly the top

.

generated by the projection functions proj ,
icn

,
i

.
e

. It is the smallest top . On

X making the projections continuous.

Arbitrary products . Let I be an arbitrary index set
,

e .g .
FFIN or IR

.
For eale it I,



let Xi be a top space. Consider the product X := TX :: = 4 fe(UXi)
F

: Viel fli) exis·
itI ItI

Recall But the statement "product ofwonempty sete is nonempty" is equivalent to AC .

The product top on X is generated by one-base linders :

(it (i) : = 3 FeX : f(i) e Kil
.

Thinking of X as a set of functions :te Vi
,

we candrawit I
the one-base cylinder (itUi] as follows : it is all the blue functions D

which go through the hoop Hi at the ill coordinate. i

The finite intersections of one-buse ylinders are finite-base cylinders :

Cit Kit ,
in Kin ,..
in Kin): lijk Hij].

We simply call these sets cylinders.

Cylinders form a basis
, being the finite intersection of sets of a prebasis.

Example .

For a comempty I ,
recall that Im is equipped with the top moving from the

metric d(x
,) = 42-ky) it x + y ,

where n(x, 3) := the least neIN c .
t

.
x(u) fylu).

O it x= y

The top inclued by this metric has the cylinders [W] as its basis
,
where for we

[m] : = (x + [I : Vict(r) x (i) = w(il)
.

Now equip
I with the discrete top. , so every singleton Gob : I is open . Then

(W) = CONSWIO
,
1H \W, ..., n- 1 It (win -13] ,

where n:= th (w)
.

Thus, the metric - openofs are open in the product top onI with
a discrete I

. Conversely ,
observe tot every overbase cylinder (iteUi] is metric open

because it is a unior of cylinders of the form (WT for WEI li . e
.
balls in the

metrich
, namely : (iHRi] = - V CrQ3

· is
,

the metric top is equal do Un
vez reli

product top. on I.

Remark
. Again let proj : X-> X: by #> fil be the projection onto the it coordinate

o evaluation at i

. Note that What (it Kil = prop, (i) ,
where iCI

,
di = X; open.

Mus
,

the product top on X is exactly te top generated by the projections.


